The relaxation of magnetically confined plasmas in a toroidal geometry is analyzed. From the equations for the Hermitian moments, we show how the system relaxes towards the mechanical equilibrium. In the space of the parallel generalized frictions, after fast transients, the evolution of collisional magnetically confined plasmas is such that the projections of the evolution equations for the parallel generalized frictions and the shortest path on the Hermitian moments coincide. For spatially-extended systems, a similar result is valid for the evolution of the thermodynamic mode (i.e., the mode with wave-number k = 0). The expression for the affine connection of the space covered by the generalized frictions, close to mechanical equilibria, is also obtained. The knowledge of the components of the affine connection is a fundamental prerequisite for the construction of the (nonlinear) closure theory on transport processes.
I. INTRODUCTION
It is known that a macroscopic description of thermodynamic systems requires the formulation of a theory for the closure relations. A thermodynamical field theory (TFT) has been established in order to determine the (non linear) deviations from of the Onsager coefficients for thermodynamic systems far from equilibrium [1] . The nonlinear transport equations have been derived by imposing that the thermodynamic theorems for systems out of equilibrium [2] and the De Donder-Prigogine principle, also refereed to as the Thermodynamic Covariance Principle (TCP) [3] (see the footnote [19] ), are respected. [4] and, for example, [5] . See also the end of section III). In tokamak plasmas, the thermodynamic forces and the conjugate flows are the generalized frictions and the Hermitian moments, respectively [6] . The neoclassical theory is a linear transport theory (see, for example, [6] ) meaning by this, a theory where the moment equations are coupled to the closure relations (i.e. flux-force relations), which have been linearized with respect to the generalized frictions (see, for example, Ref. [7] ). This approximation is in contrast with the fact that the distribution function of the thermodynamic fluctuations is not a Maxwellian and could provoke some disagreements with the experimental profiles [8] , [9] . It is, however, important to mention that it is well accepted that the main reason of this discrepancy is attributed to turbulent phenomena existing in tokamak plasmas. Fluctuations in plasmas can become unstable and therefore amplified, with their nonlinear interaction, successively leading the plasma to a state, which is far away from equilibrium. In this condition, the transport properties are supposed to change significantly and to exhibit qualitative features and properties that could not be explained by collisional transport processes, e.g. size-scaling with machine dimensions and non-local behaviors that clearly point at turbulence spreading etc. (see, for example, Ref. [10] ).
The nonlinear transport equations have been largely used for studying transport processes in non equilibrium systems such as magnetically confined plasmas, materials submitted to temperature and electric potential gradients or chemical reactions. In magnetically confined plasmas, the nonlinear transport equations provide a link between the generalized frictions (the thermodynamic forces) and the Hermitian moments (the conjugate flows). This allows to determine the particle fluxes (electrons and ions) and energy losses as well as the (nonlinear) particle distribution functions. This task has been accomplished in Ref. [8] and in the papers reported in Ref. [9] and in the footnote [20] .
Finally, the nonlinear transport equations have been derived by adding a further assumption:
There exists a thermodynamic action, scalar under TCT, which is stationary for general variations in the transport coefficients and the affine connection of the thermodynamical forces space [1] . However, the determination of this action requires the knowledge of the affine connection. The expression of the affine connection can be derived by analyzing several examples of relaxation.
In the manuscript reported in Ref. [11] , we analyze the relaxation of chemical reactions to stable steady-states in the chemical affinities space. In these cases, the small parameter ǫ measures the distance of the system from the steady state.
In this paper, we shall be concerned with the relaxation of magnetically confined plasmas in a toroidal geometry. The characteristic feature of the evolution equations is the presence of a small parameter ǫ, the drift parameter, defined as the Larmor radius over a macroscopic length [6] . In this situation, the long-time behaviour of the solution, describing the evolution of the system near the steady state, may be obtained by using the multiple time-scale perturbation expansion (see, for example, the book cited in Ref. [12] ). Starting from the balance equations for mass, energy and higher order hermitian moments, applied to magnetically confined plasmas, we show, in Section II, the validity of the following theorems:
(a) After fast transients, in the Onsager region of the generalized frictions space, a homogeneous system relaxes towards the mechanical equilibrium along a straight line.
(b) After fast transients, out of the Onsager region, a homogeneous system relaxes towards a stable mechanical equilibrium such that
where U µ (X ev.−tr. , ̺) and U µ (X s.path , ̺) are the evolution equation for the generalized frictions and the shortest path equation in the generalized frictions space, respectively. X µ and J µ denote the vector of the generalized frictions and the vector of the Hermitian moments, respectively. The trajectory traced out by the system and the shortest past are parametrized by ̺. This parameter is defined in the Subsection II A
We assume that the mechanical equilibrium is a steady-state of the plasma. Similar theorems for the relaxation of the thermodynamic mode (i.e., the mode with wave-number k = 0) to the mechanical equilibrium, can also be derived for spatially-extended plasmas.
Even though, the example examined in this paper refers to the relaxation of magnetically confined plasmas in a toroidal geometry, the results obtained are valid generally because the dynamics include all relevant moment equations and the parameter ǫ is not related to the distance of the system from the stationary states. Such example enable us to determine the expression of the affine connection for the thermodynamical forces space, near the nonequilibrium steady-states. This task is accomplished in Section III.
II. RELAXATION OF MAGNETICALLY CONFINED PLASMAS
In this section we analyze the case of magnetically confined plasmas. For simplicity, we consider fully ionized plasmas defined as a collection of electrons and positively charged ions [7] . The balance moment equations for mass, heat and the non-priviledged fifth hermitian moments read, respectively [6] 
where q α(n) r denote the Hermitian moments of the distribution functions, Q α(1) r indicate the dimensionless generalized collisional friction terms and g
are the dimensionless source terms. The suffix α distinguishes the two electric species i.e., α = e for electrons and α = i for ions. Index n takes the values n = (1, 3, 5). Moreover, Ω α and τ α are the Larmor frequency and the relaxation time of species α, respectively. ǫ rmn and b r denote, respectively, the Levi-Civita tensor and the unit magnetic field components. In this paper, the summation convention over repeated indices is understood. On the contrary, in Eqs (1), as well as in what follows, there is no summation over the index α. Eqs (1) are the moment equations describing collisional plasmas in the presence of an inhomogeneous and curve magnetic field.
These plasmas are referred to as (magnetically confined) tokamak plasmas. In this paper we deal with collisional transport processes (i.e., not turbulent plasmas) where collisions are the only source of irreversibility or dissipation. In this case, we can distinguish two collisional transport regimes: the fully collisional transport regime (or the Pfirsch-Schlüter transport regime) and the low-collisional transport regimes (or the plateau and the banana regimes).
Physically, these two transport regimes are distinguished by the order of magnitude of λ mf p , the mean free path. When the mean free path is much smaller than the macroscopic length scale L M we are in the so-called short mean free path regime or, the fully collisional transport regime (fctr). The macroscopic length is associated with the gradient lengths of the macroscopic quantities, such as the density gradient, the temperature gradient, etc.. L M is defined as the shortest of these lengths. On the other hand, if the fusion temperatures are realized, the mean free path λ mf p can easily be made to exceed L M . In this case we are in the so-called long mean free path regime or the low-collisional transport regime (lctr). In this regime, the orbits of the particles are bounded in the space (the banana orbits) (for easy references, see for example Refs [6] ). A useful transport theory must cover both the fully collisional and the low-collisional transport regimes. By a magnetized plasma it is meant a plasma where the scale length characterizing the plasma (in general the hydrodynamic scale)
is much larger than the gyro-radii of its constituent charged particles. Thus, by defining with ρ L the Larmor radius (the radius of the circular motion of a charged particles in the presence of a uniform magnetic field), the plasma is magnetized if the parameter
is much less than one. Wherever is valid the approximation ǫ ≪ 1, we are within the socalled drift parameter approximation. It can be shown that plasmas in the both transport collisional regimes, described above, can be validly treated in the drift approximation [see, for example, ref. [6] ]. The presence of the small parameter ǫ allows to neglect in the equations all terms of order ǫ 2 or higher. In Ref. [6] an intrinsic kinetic form of the dimensionless (density of) entropy production σ α of species α is derived under the sole assumption that the state of the plasma is not too far from the reference local equilibrium state. It is shown that, in the local dynamical triad [see Fig. (1) ], the entropy production is closely associated with the collision term and it can be brought into the form
ps (g e(3) +ḡ e(3) ) + q 
For easy reference, we list here explicitly the relations between the dimensionless and the corresponding dimensional Hermitian moments:
where m α , n α and T α are the mass, the number density and the temperature of species α, respectively. Moreover, j r , Γ 
The dimensionless source terms are defined as
with r = (ρ, , ∧) and q α(2n) rs are the traceless tensorial Hermitian moments. Indicating with e the absolute value of the charge of the electron and with Z the charge number of the ions,
we have e α = −e for electrons and e α = +Ze for ions. E and u are the electric field and the centre-of-mass velocity of the plasma, respectively. Moreover b n = B/B and ǫ rmn is the Levi-Civita symbol. Eqs (3) allows us to identify the thermodynamic forces X αµ and the thermodynamic flows J α µ :
Hence, the thermodynamic forces are related to the spatial inhomogeneity and they are ex- expression of the surface-averaged entropy production for toroidally confined fully collisional plasmas, is
where g
(1)P ρ is the dimensionless radial pressure gradient (denoted by ∇ ρ P )
Thus, the average entropy production, depending on the parallel components of the entering quantities, is expressed entirely in terms of the transport fluxes and radial forces. This inversion of roles is a direct consequence of the zero-divergence geometrical constraint. The latter transforms the average entropy production into a radial contribution. However, the thermodynamic form shown by Eqs (8) is also due to the fact that, in the fully collisional regime, there is no contribution of the unprivileged moments, q α (5) bpcl , to the average entropy production. This is not the case for the low-collisional transport regime. As a result, in this latter regime, the average entropy production does not derive from a thermodynamic form, which would have been expected [13] < σ e > lctr = < q e(1) ρ
whereq (1) andĝ (1) A are the average dimensionless parallel electric current density and the average dimensionless induced external parallel electric field (denoted with E A ), respectivelŷ
In literature, this phenomenon is referred to as the divorce between entropy production and transport theory for the banana transport mechanism. Further physical and mathematical details concerning this subject can be found in the paper cited in the footnote [21] . The transport fluxes are related to the parallel components of the dimensionless generalized frictions and the dimensionless source terms by [see, for example, Ref. [6] 
α(n) > in the low-collisional regime (12) In general, the quantity K α is not a surface quantity but it becomes one for some configurations of the magnetic field as, for example, in the standard model. As previously mentioned, Eq. (12) is a direct consequence of the zero-divergence constraint, introduced by the confining geometry, which couples the flux components in a new way and introduces the effect of the parallel thermodynamic forces on the transport fluxes. The evolution equations of the moments, Eqs (1), have a hierarchical structure: the equations for the third moments will involve the fourth moments, and so. The dynamics of a thermodynamic system is finally based on the set of balance equations Eqs (1) coupled to the closure equations [22] , relating the dimensionless generalized collisional friction terms to the thermodynamic fluxes. In this example, the closure equations can be cast into the form [7] 
whereg mn (for simplicity, we omit the suffix α) is a positive-definite matrix, which may depend on the thermodynamic forces X αµ . In case of magnetically confined plasmas, this matrix is symmetric [6] . Inserting Eqs (13) into Eqs (1) we obtain the balance equations for the thermodynamic forces
The task of the transport theory is to describe the evolution of the gradients (of density, temperature, magnetic field etc.) towards global mechanical equilibrium. As long as the step length in the random walk is smaller than the gradient length scale this process is diffusive, so the associated time derivative is expected to be of the order
where D ∼ ρ 2 L /τ α denotes the diffusion coefficients. Thus, for a magnetized plasma, very close to the steady-state, the partial time derivative in Eq. (14) is assumed to be small in the sense [14] 
The weaker version
describes the relaxation of the plasma, evolving towards the steady-state on a shorter timescale. To sum up our discussion, during the relaxation, close to the steady-state, we require that i) In the transport regimes (i.e., neglecting fast transients), the time derivatives τ α ∂ t J α µ are assumed to be of order ǫ 2 . During the relaxation, near the steady-states, τ α ∂ t J α µ are of order ǫ. The weaker versions of the rate of the change in time represent the fast evolution of the system [6] .
ii) The Universal Criterion of Evolution theorem (UCE), established by GlansdorffPrigogine [2] , and the covariance properties of the evolution equations, with respect to the thermodynamic forces transformations [1] , are satisfied.
Finally, we recall that we are allowed to neglect in the equations all terms of order ǫ 2 or higher.
A. Homogeneous Plasmas
In this case, Eqs (14) may be rewritten, in a more convenient way, as
where δ λ µ denoting the Kronecker delta and we have introduced the transport equations relating the thermodynamic flows with the thermodynamic forces that produce them, through the matrix of the transport coefficients, g µν (we omit the suffix α):
In principle, the matrix of the transport coefficients may depend on X αµ . Quite naturally, in solving this equation close to the steady-state, we should make an optimum use of the presence of the small parameters. In a magnetized plasma, in accord with experiment, the gyrofrequency Ω exceeds the collision frequency ν,
Taking into account that the mean-free path λ = v T ν and ρ L = v T /Ω, where V T indicates the thermal velocity, we obtain
So, Eq. (21) again expresses the smallness of the Larmor radius. A condition, which almost always pertains in practice, is
Physically, Eq. (23) implies that, when the plasma is very close to the steady-state [see condition i)], the time derivative in Eq. (16) is considerably smaller than the transit frequency.
Eq. (23) is synonymous with ν/Ω ∼ O(ǫ) and admits as a special case ν/Ω ≪ ǫ. Finally, the fundamental expansion parameter is that of the smallness of the Larmor radius ρ L compared with the macroscopic scale length L M . Hence, the problem boils down to seek a solution for X αµ , which may be written as a perturbation expansion in powers of ǫ,
where X αµ 0 denotes the reference state. The definition of this state is given below. From here on, we are tempted to start with the standard perturbation theory. But this approach induces singularities. Indeed, some of the contributions to the correction terms may be proportional to the positive powers of time, t n . It follows that, in spite of the smallness of the parameter, ǫ m for long enough times, these terms become very large and invalidate the classification Eq. (25). This fact is so much more troublesome considering that we are interested in a solution close to the steady-state i.e., in the long-time behaviour of the solution. This difficulty may be overcome by using the multiple time-scale perturbation expansion (see, for example, the book cited in Ref. [12] ). Thus, we artificially extend the unique time variable t into several dimensionless variables ̺ −1 , ̺ 0 , ̺ 1 , . . . , defined by the differential equations
Once the multiple time-scale solution has been obtained in this form to the desired degree of accuracy, we go back to the original time variable by the replacements
The time derivative becomes
The "singularity" introduced by the term 1/ǫ represents the evolution on the shortest timescale whereas the dependance on ̺ 0 represents the slower evolution on a longer time-scale, etc. Finally, the solution X αµ (t) is split into many other new variables X Our goal is to examine the evolution of the system towards the steady-state by stopping calculations at the time derivative ǫd/d̺ 1 . Note that this mathematical ruse is widely used in literature, especially for solving the kinetic equations, expressed in natural guiding centre variables, valid within the drift approximation (see, for example [6] ).
A quite similar procedure can be found in Ref. [15] for solving the drift-kinetic equation, f , for the toroidal rotation induced by neutral beam injection. In this case, the distribution function for fast ions is expanded in powers of the small parameter entering in the problem (the ratio of the slowing down rate to the bounce frequency) and the "singularity" 1/ǫ is contained in the term at the lowest order, f −1 , and not in the time derivative. Also in this approach, the differential equation for the "reference state" (i.e. for f −1 ) is determined to the dominant order. The evolution on the various time-scales is obtained by applying the bounce averaging to the dynamical equations for each order in the perturbation expansion.
With this method, the authors have been able "to capture" the main features of the slowly varying functions. The macroscopic observables, like the torque on the plasma, have then been obtained by applying the magnetic surface average.
Coming back to our problem, condition i) is fulfilled if, during the relaxation, Eq. (19) is expanded starting from the term
Taking into account Eq. (25) and Eq. (27), at the lowest orders we find
with N 0λκ ≡M 
Indeed, by inserting transformations (31) into the Eqs (30) we find
where
Hence, matrix N 0λκ transforms like a thermodynamic tensor of second rank. The TCT are the most general forces-transformations leaving invariant the expression of the entropy production and the Glansdorff-Prigogine dissipative quantity P defined as
Notice that from Eq.(31), the following important identities are easily derived [1]
So the linear transformations
where c 
where comma (, ) stands for partial differentiation with respect to the thermodynamic forces and Γ µ 0λκ is the affine connection evaluated at the lowest order. 
This can be easily seen by noting that
From Eqs (30) we get
Thus, taking into account Eq. (39), close to the steady-state, the evolutionary-trajectory (ev.-tr.) of the system satisfies, at the dominant order, the equation
We can check that Eq. (45) 46), we obtain, at the leading order, the
Integrating from the initial condition to the steady-state, we get
At the steady-state we have̺ −1P (X α st.state ) = 0, so we finally obtain
where the inequality is only saturated at the steady-state. Thus, after fast transient, up to ǫ 2 , the correct (perturbed) evolution equations close to the steady-state are (45) we straightforwardly obtain the following result: In the collisional transport regimes and under the validity of the drift parameter approximation, after fast transients, tokamak-plasmas relax to stable steady-states in the generalized frictions space so
(no summation over α)
It is worthwhile mentioning that Eq. (54) can be derived from Eq. (45), but the reverse is not true. Indeed, in our example we made use of the drift parameter approximation. In this particular case, parameter ǫ is independent of the distance of the system to the steady-state and we obtained the result that, at the first order of approximation, collisional plasmas relax to the stationary states along the shortest path traced out in the space of the parallel generalized frictions. However, this result is not satisfied in general. The small parameter ǫ, entering in a problem of relaxation depends , in general, on the distance of the system to the steady-state. It is possible to show that Eq. (54) remains valid also when ǫ depends on the distance to the steady-state. In the paper reported in Ref. [11] , several examples 
In other words, in the Onsager region, at the dominant order, the solution is a straight line in the space spanned by the parallel generalized frictions.
B. Spatially Dependent Magnetically Confined Plasmas
In this case, firstly we have to develop the space-time dependent thermodynamic forces (X αµ ), flows (J α µ ) and transport coefficients in (spatial) Fourier's series. Then, we perform the same calculations as in the homogeneous case by taking into account the slaving principle [17] (see the footnote [24] ). Close to the steady-state, we have [ 
dv denotes a (spatial) volume element of the system, and the integration is over the entire space V occupied by the system in question. The evolution equation for J α (k)µ at the thermodynamic mode (i.e., the mode with wave-number k = 0), reads
where O.T.(k, k ′ ) k =k ′ =0 stands for other contributions from different wave-numbers and g
is a (time-dependent) positive definite matrix [1] . Due to the slaving principle, near the steady-state, the evolution equations for J α (0)µ reduce to
By performing now the same multiple time-scale calculations as for the homogeneous case, we arrive to the following final result: the thermodynamic mode (k = 0) relaxes to the steady-state according to the law we may obtain the expression for the affine connection of the thermodynamical forces space.
This construction may be made "step by step". We multiply the first equation of Eqs (30) by g µν and sum over the index µ. By taking the derivative, with respect to parameter ̺ (̺ = ̺ −1 ), of both sides of the resulting equation, we find (for simplicity, we omit the index
Thus, close to the steady-state, we have
At the lowest order, previous equation may be rewritten as
It is not difficult to show that Eq. (62) satisfies the UCE but it is not covariant under the TCT. This because the term 1/2g µν g νλ,κ +g νκ,λ , does not transform as an affine connection under the TCT. This condition is satisfied by adding the Levi-Civita term −1/2g µν g λκ,ν . Now, if one wants the Universal Criterion of Evolution satisfied also when the system relaxes along a shortest path, without imposing a priori any restrictions on transport coefficients, an extra term to the Levi-Civita affine connection should be added. It can be checked that the most general expression for this extra term is 1/(2σ)X µ X ν g λκ,ν [1] . Hence, the affine connection my be written as
However, from the general theory on non-Riemannian geometry, we know that both equa-
and d 2 X µ dp 2 + Γ µ λκ dX λ dp dX κ dp = 0 with
are evolution equations for the same shortest path [18] . In Eq. (65), p is a parameter, related to ̺ by d̺ dp
and ψ ν is an arbitrary vector under TCT. In literature, modifications of the connection similar to Eqs (65) is referred to as projective transformations of the connection and ψ κ as the projective covariant vector. Therefore, the UCE is satisfied for every shortest path constructed with affine connections Γ µ λκ , linked toΓ µ λκ by projective transformations Eqs (65) [18] . By standard methods in non-Riemannian geometry, it is not difficult to determine the final expression of the projective-invariant affine connection [1] , [18] :
where n denotes the dimension of the generalized frictions space. We can check that the expression reported in Eq. (67) There exists a thermodynamic action, scalar under T CT , which is stationary with respect to arbitrary variations in the transport coefficients and the affine connection.
From this principle, a set of closure equations, constraints, and boundary conditions have been derived. These equations determine the nonlinear corrections to the linear ("Onsager") transport coefficients. The nonlinear transport equations have successively been used for computing the particle and energy losses in magnetically confined plasmas and for deriving the distribution density functions for the species α in several collisional transport regimes [8] and [9] . We already mentioned in the introduction that, the thermodynamic forces are the variables, which characterize the departure of the system from the (thermodynamic) equilibrium. As a consequence, for plasmas not sufficiently close to the equilibrium, the distribution function for the fluctuations of the thermodynamic quantities deviates from a 
whereĉ is the normalization constant, K B Boltzmann's constant and h µν the elements of a symmetric positive matrix, respectively.Ȳ µ denote the mean values of Y μ
Hence, the fluctuations ξ i defined as
obey the distribution function
The following quantities will now be introduced
From this definition we find
The variables X µ , referred to as the thermodynamic forces, clearly characterize the departure of the system from the equilibrium (notice that X µ → 0 as ξ µ → 0, for µ = 1, · · · n). Near equilibrium, the matrix h µν is close to a constant (symmetric positive) matrix, say h µν 0 , and the distribution function, Eq. (68), takes the form of a Maxwellian. Thus, we can write
for thermodynamic systems close to equilibrium. The conjugate thermodynamic flow are defined as
We shall now assume that decay of a fluctuation follows the ordinary macroscopic law (see, for example, Ref. [11] ) and write
Near equilibrium, matrix k ν µ is (almost) a constant matrix [4] , say k ν 0µ , and Eq. (76) reduces to
By combining now Eq. (77) with the first equation of Eqs (74), we finally obtain
whereh 0µν denotes the inverse of the matrix h µν 0 , i.e., h
In literature, matrix L µν is called the Onsager matrix of the transport coefficients. The main conclusion of the present analysis is that: the transport relations can be linearized with respect to the thermodynamic forces only when the system is sufficiently close to the (local) equilibrium (i.e., when the thermodynamic forces are "weak"). In this situation, the distribution function for fluctuations is a Maxwellian. Reversely, the transport relations are necessarily nonlinear in case of non-Maxwellian fluctuation-distribution function. Let us consider, for example, the case of magnetically confined tokamak-plasmas. After a short transition time, the plasma remains close to (but, it is not in) a state of local equilibrium. Indeed, starting from an arbitrary initial state, the collisions would tend, if they were alone, to bring the system very quickly to a local equilibrium state, described by a Maxwellian distribution function.
But slow processes, i.e. free-flow and electromagnetic processes, prevent the plasma from reaching this state. The distribution function for the fluctuations of the thermodynamic quantities also deviates from a Maxwellian preventing the thermodynamic fluxes from being linearly connected with the conjugate forces.
We would like to end this section by adding some physical remarks. In this paper, we have shown that magnetically confined plasmas tend to relax towards the mechanical equilibrium following the shortest path, traced out in the space of the parallel generalized frictions. We may ask the following question: "why should the thermodynamic forces, and not other quantities, obey this law ? ". The answer is, because these quantities are purely non-conservative.
As known, the thermodynamic variables can be classified as conservative or non-conservative.
A fluctuation of a conservative variable can be "dissipated" only through the boundaries and, due to his severe constraint, its evolutionary-trajectory towards the steady-state may be very complex in the phase-space. On the contrary, a fluctuation of a non-conservative variable can be dissipated freely into the surrounding and its evolutionary-trajectory tends to approximate that of the shortest path. We know that, in thermodynamics, one of the most dissipative quantity is P, the Glansdorff-Prigigine quantity, given by Eq. (50)
where, we recall, ς is the arc-parameter in the space of the parallel generalized frictions and ̺ parameterizes the equation for the shortest path in this space. By noticing that the transport coefficients depend only on the thermodynamic forces X µ , it turns out that also quantity P depend only on the parallel generalized frictions. Since the thermodynamic forces are non-conservative variables and quantity P is defined in the space of the parallel generalized frictions, it is not so surprising to have observed that, in the thermodynamical forces-space, the X µ tend to follow the shortest path for reaching the steady-state. This law is so well satisfied experimentally that we can write 
rigorously valid at the steady-state. We draw the attention to the reader that we prefer to use the expression "the system tends to follow the shortest path" instead of "the system follows the shortest path" because, as known, the Universal Criterion of Evolution, expressed by inequality (79), cannot be derived from a variational principle [Ref. [1] , [2] and, our results Eqs (52)]. For this reason, in general, the shortest path is not the trajectory that minimizes the Glansdorff-Prigogine quantity.
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the relations between the thermodynamic flows J α µ (≡ q α(n) ) and the thermodynamic forces X αµ that produce them.
[23] Note that, from the mathematical point of view, the condition dX αµ 0 /d̺ 0 = 0 ensures the solvability conditions for Eqs (51).
[24] The slaving principle establishes that in a relaxation process, contributions from different wave-numbers are negligible with respect to those with same wave-numbers.
[25] From a more fundamental point of view, the validity of Eq. (68) implies that on a kinetic model the extensive variables {Y µ } are algebraic sums of microscopic variables [5] .
